Lightweight materials that are simultaneously strong and stiff are desirable for a range of applications from transportation to energy storage to defense. Micro-and nanolattices represent some of the lightest fabricated materials to date, but studies of their mechanical properties have produced inconsistent results that are not well captured by existing lattice models. We performed systematic nanomechanical experiments on four distinct geometries of solid polymer and hollow ceramic (Al2O3) nanolattices. All samples tested had a nearly identical scaling of strength ( ) and Young's modulus ( ) with relative density ( ̅ ), ranging from ∝ ̅ 1.45 to ̅ 1.92 and ∝ ̅ 1.41 to ̅ 1.83 , revealing that changing topology alone does not necessarily have a significant impact on nanolattice mechanical properties. Finite element analysis was performed on solid and hollow lattices with structural parameters beyond those realized experimentally, enabling the identification of transition regimes where solid-beam lattices diverge from existing analytical theories and revealing the complex parameter space of hollow-beam lattices. We propose a simplified analytical model for solid-beam lattices that provides insight into the mechanisms behind their observed stiffness, and we investigate different hollow-beam lattice parameters that give rise to their aberrant properties. These experimental, computational and theoretical results uncover how architecture can be used to access unique lattice mechanical property spaces while demonstrating the practical limits of existing beam-based models in characterizing their behavior.
Introduction
Incorporating three-dimensional architecture into materials design across multiple length scales has led to the creation of advanced materials with novel mechanical properties, such as ultralight weight [1] [2] [3] , negative Poisson's ratios [4, 5] , and near infinite bulk-to-shear modulus ratios [6, 7] . The versatility of current fabrication methods and processing techniques engenders a virtually unbounded potential design space by which new materials can be created [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Despite many proof-of-concept demonstrations, very few guiding principles exist for designing architectures that efficiently integrate structural and microstructural deformation mechanisms. Understanding the complex interplay between constituent materials and architecture is crucial to creating and optimizing new materials with tunable properties.
One of the more prominent recent successes of architected materials has been the creation of simultaneously lightweight, strong and stiff three-dimensional micro-and nanolattices. These materials are 3D assemblies of beams with micro-and nanoscale constituent dimensions, and it is the confluence of nanometer-sized dimensions and architecture that gives rise to their unique properties [1] [2] [3] 15, [18] [19] [20] [21] [22] [23] [24] [25] [26] . The theoretical maximum Young's modulus ( ) and yield strength ( ) of a lightweight porous material are set by the Voigt bound, which are functions of the relative density ( ̅ ) as = ̅ and = ̅ . and are the constituent material's Young's modulus and yield strength, respectively. This means that if a material is 10% dense, its highest possible stiffness and strength are 10% of those of the fully dense solid. [27] . For isotropic solids, the Young's modulus limit is defined by the Hashin-Shtrikman bound [28] , and for isotropic beam-based lattices the modulus limit is defined by the tighter GurtnerDurand bound [29] . This scaling of stiffness and strength with relative density becomes particularly conspicuous for light and ultralight materials, where poor scaling relations can have orders-ofmagnitude effects on the overall mechanical properties.
A large body of theoretical and experimental work has been dedicated to creating new lattice architectures and investigating their properties [1, 15, 18, 19, 23, [30] [31] [32] [33] [34] . Most analytical models for the mechanical behavior of both 2D and 3D lattices are derived using beam theory, and these models generally predict that strength and modulus follow a power law scaling with relative density as
The proportionality constants and and the scaling coefficients and change depending on whether lattice deformation is dominated by stretching or bending of the beams. To predict if a lattice will be stretching-or bending-dominated, pin-jointed versions of the lattices have to be analyzed to assess their rigidity. A pin-jointed structure is defined to be rigid if any shape change requires a corresponding increase in strain energy [30, 35] . Structures can also be periodically rigid if they are constructed from rigid periodic subunits. An in-depth discussion of rigidity can be found in the Supplementary Materials. According to classical formulations, lattices with a rigid topology have properties governed by stretching of the beams, with ∝ ̅ and ∝ ̅ ( = = 1), and lattices with a non-rigid topology are governed by bending of the beams, with ∝ ̅ 2 and ∝ ̅ 1.5 ( = 2, = 1.5) [36] . Topology here refers to structures as defined by their connectivity, and it is invariant to changes in structural parameters like beam diameter or shell thickness.
These theories provide a simple framework to predict the mechanical performance of lattices, but their utility as analysis tools for physically realizable systems has yet to be fully quantified. Experimental and theoretical work on lattices have shown mixed results on the exact role of topology in governing strength and modulus scaling; a wide range of reported strength and stiffness power law scaling relationships exists, even for topologically identical systems, and no experimentally realized lightweight lattice matches the performance predicted by the Gurtner-Durand bound [1, 2, 18, [21] [22] [23] 37, 38] .
We conducted systematic nanomechanical experiments and finite element analysis on nanolattices made from two different material systems, with four different topologies each. We found that the mechanical properties of nanolattices in a currently experimentally realizable property space are nearly independent of architecture, and that the strength and stiffness of rigid and non-rigid topologies at the same relative density are nearly identical. This result represents a significant point of departure from theories relating mechanical properties to the rigidity of the lattice topology [39] . Uniaxial compression experiments reveal a non-linear scaling of strength and stiffness with relative density, with exponents between = 1.41 − 1.83 for stiffness and = 1.45 − 1.92 for strength for all nanolattice topologies and material systems. Finite element simulations (Abaqus FEA) reproduce the observed nonlinear scaling within the range of relative densities tested experimentally for both solid and hollow-beam nanolattices. They further reveal that for solid lattices with relative densities of ̅ < 5%, the stiffnesses of rigid and non-rigid topologies deviate from one another to show good agreement with existing bending-and stretching-dominated scaling laws [39] . For hollow lattices, finite element simulations reveal a highly complex parameter space with orders-of-magnitude deviations in stiffness arising from small variations in parameters. We propose a simple analytic framework that provides insight into the stiffness scaling of solid-beam lattices, and we investigate some of the mechanisms for the large variances in hollow-beam lattice properties.
Methods

Fabrication
Polymer nanolattices were fabricated using a two-photon lithography direct laser writing process in IP-Dip photoresist using the Photonic Professional lithography system (Nanoscribe GmbH). Structures were written using laser powers of 6 − 14 and writing speeds of ~50 −1 . Laser power is used to control the beam diameters. As a byproduct of the fabrication process, all beams were elliptical, with an aspect ratio of ~3:1. Beams can be made to be circular by writing structures using a layer-by-layer process, but this writing method results in structures with larger dimensions. The smallest beam dimensions that can be written using this process are on the order of ~200nm, and in this work the beam dimensions range from 400nm -2µm. Unit cell sizes of fabricated nanolattices ranged from 3 to 15µm, and overall sample dimensions were between 25 and 85µm.
Hollow structures were written using the polymer nanolattices as a base scaffold; polymer surfaces were conformally coated in alumina (Al2O3) using atomic layer deposition (ALD). Deposition was done at 150°C in a Cambridge Nanotech S200 ALD system using the following steps: H2O is pulsed for 15 , the system is purged for 20 , trimethyl aluminum (TMA) is pulsed for 15 , the system is purged for 20 , and the process is repeated. The carrier gas is nitrogen, flown at a rate of 20 (standard cubic centimeters per minute). The process was cycled for between 50 and 1200 cycles to obtain the desired thickness coatings on the nanolattices, which ranged from 5 to 120nm. The thickness of the coatings was verified using spectroscopic ellipsometry with an alpha-SE Ellipsometer (J.A. Wollam Co., Inc.). After deposition, two outer edges of the coated nanolattices were removed using focused ion beam (FIB) milling in an FEI Nova 200 Nanolab system to expose the polymer to air. After this exposure, the samples were placed into an O2 plasma barrel asher for a time period between 50 and 75 hours with a 300 flow rate of O2 under 100 of power to fully remove the polymer. This process is nearly identical to that reported in [21] .
Nano-Mechanical Experiments
Monotonic and cyclic uniaxial compression experiments were performed on nanolattices in a G200 XP Nanoindenter (Agilent Technologies). Structures were compressed uniaxially to ~50% strain at a rate of 10 −3 −1 to determine their yield stress ( ), Young's modulus ( ) and overall deformation characteristics. The data obtained from nanolattice compression experiments performed in this work had a wide range of stress-strain responses, which required the formulation of a consistent method to measure meaningful Young's modulus and yield strength. In every sample tested, the stress-strain data was comprised of a toe region, a linear region, and a failure region ( Figure S1 ). The toe region is a nonlinear segment of data at the beginning of loading, and generally corresponds to slight misalignments and imperfections between the sample and the indenter tip. For each sample, a subset of stress-strain data was taken starting at the beginning of loading and going to the onset of failure (shown in blue in Figure S1 ). The maximum slope of this data subset was defined as the Young's modulus, . This is done to mitigate the effect of the toe region on the stiffness measurement. In polymer samples, or any sample with ductile yielding, a line with slope is determined using a 0.2% strain offset from the obtained Young's modulus fit, and the intersection of this line and the stress-strain data is taken to be the yield strength ( Figure S1A ). In hollow Al2O3 samples, or any sample with a brittle yielding, the yield strength is taken to be the peak stress before failure ( Figure S1B ). It should be noted that edge effects that arise due to the finite sample size can affect the strength and stiffness, particularly for nonrigid topologies, so the strength and stiffness of lattices here is an effective structural response that approximates the properties of an infinite lattice.
Finite Element Modeling
Finite element simulations of the solid and hollow unit cells were performed in the commercial finite element code Abaqus. All simulations were performed statically with linear perturbations to obtain the linear stiffness of each topology. The solid unit cell simulations were performed using C3D10 10-node quadratic tetrahedral elements, and the hollow simulations used S3R 3-node shell elements to represent the discretized unit cells. An isotropic linear elastic material model was used for both solid and hollow structure simulations, and stiffnesses for the constituent polymer and Al2O3 were obtained from literature [23, 40] . Solid unit cell simulations had between 25,000 -250,000 elements and hollow unit cell simulations had between 25,000 -100,000 elements; the exact number of elements varied depending on the unit cell and structural parameters used.
Simulations of the full-scale lattices tested in the experiments required prohibitively expensive computational resources, so single unit cells subject to periodic boundary conditions (PBCs) were simulated to obtain the effective stiffness of the periodic lattices. PBCs were manually implemented in a similar fashion to [41] . To simulate uniaxial stressing of the periodic structure, the z-component of the volume-averaged strain was imposed, while the transverse components remained unconstrained and periodicity of the unit cell was enforced by solving for the unknown relative displacements Δ on the Xand Y-faces below. The procedure of implementing the PBCs is summarized below.
For each node on − -face: Find matching node on + -face Constrain transverse displacements:
Repeat for Y-and Z-faces Constrain volume-averaged strain in z-direction:
Note that the rotation constraint was only needed for the hollow simulations since the tetrahedron elements used in the solid unit cell simulations do not have rotational degrees of freedom. The effective stiffness of the periodic lattice was calculated as the ratio between the average strain and the average stress of the unit cell in the z-direction. Taking to be the reaction force across the top surface and to be the unit cell side length, the modulus was calculated as
Theory
The mechanical properties of periodic lattices are commonly modeled using the bending or stretching behavior of the constituent beams [2, 5, 19, 36, 37, 42] . In classical formulations, beams in a lattice are assumed to be slender and are approximated as Euler-Bernoulli or Timoshenko beams [39, 43] . Deformation modes like shearing and torsion in the beams and compression and bending of the nodes are often neglected in these simplified analyses because of the complexity associated with incorporating them into models and their negligible influence in slender beam lattices. In a non-rigid lattice comprised of solid Euler-Bernoulli beams with a characteristic cross-sectional dimension and length , the stiffness is assumed to be dominated by bending of the beams, giving rise to a scaling of ∝ ( / ) 4 [39, 44] . In a rigid lattice, this scaling is ∝ ( / ) 2 and arises from the assumption that stiffness is governed by stretching and compression of the beams [19, 44] . In lattices with very slender beams (i.e. ≳ 20), the relative density can be approximated to scale as ̅ ∝ ( / ) 2 , where the slenderness is defined as = √ 2 / , with being the cross-sectional area and being the area moment of inertia of the beam. These three relationships give rise to the classical stiffness scaling of ∝ ̅ 2 for "bending-dominated" and ∝ ̅ for "stretching-dominated" cellular solids.
These simplified relations begin to break down when the beams in a lattice cannot be approximated as slender. Simplified relative density relations are obtained by ignoring the relative contribution of beams intersecting at the nodes. Accounting for the effects of nodal intersections, we derived the relative densities of lattices with solid and hollow circular beams as a function of / and / to have the functional forms Classical stiffness models ignore the combined influence of stretching and bending in beams by assuming that one has a dominant effect over the other. In real lattices, this assumption no longer holds, and beams in a non-slender lattice are subject to both bending and stretching, in addition to other effects such as shearing, torsion and nodal interactions. To account for some of these effects, we developed a simple analytical model that accurately captures the stiffness of rigid and non-rigid lattices by representing them as 3D networks of solid Euler-Bernoulli beams subject to bending and axial compression and tension. In this framework, the Young's modulus of non-rigid and rigid lattices scales as
Here, 1 , 2 , 1 , 2 , and 3 are geometry-dependent constants, and is the modulus of the constituent solid material (a full derivation of Eqs. (6 and (7 is provided in the Supplementary Materials). Similar equations can be derived for hollow beam lattices. This model predicts an inherently non-power law scaling between stiffness and relative density in rigid and non-rigid lattices. In the limit of very slender beams, i.e. / ≪ 1, Eqs. (6 and (7 approach the simplified models for bending-and stretchingdominated solids [19, 39] , but for lattices with less slender beams, i.e. / ≳ 0.05, the relative influence of the bending and stretching terms are comparable, and the stiffness transitions to an intermediate scaling that falls between the reduced quadratic stretching and quartic bending scaling relationships ( Figure S4 ).
Results
We fabricated four nanolattice topologies with varying degrees of rigidity and average nodal connectivity ( ): (1) an octet-truss (rigid, = 12), (2) a cuboctahedron (periodically rigid, = 8), (3) a 3D Kagome (periodically rigid, = 6), and (4) a tetrakaidecahedron (non-rigid, = 4) (Figure 1 ). Each nanolattice was constructed out of solid polymer and hollow Al2O3 beams with elliptical cross sections, which arise as a result of the fabrication method [21, 23] . Octet-truss, cuboctahedron and tetrakaidecahedron samples were made with 5x5x5 unit cells, and 3D Kagome samples were made with 6x6x3 unit cells. The relative densities of fabricated samples ranged from ̅ = 1.1% − 62.6% for solid polymer and ̅ = 0.14% − 9.1% for hollow Al2O3 and spanned at least one order of magnitude within each topology. The slenderness of the beams ranged from = 13.8 − 62.8 for polymer samples and = 12.0 − 59.8 for Al2O3 samples. Despite the high relative density of some of the samples, each individual architecture remained topologically identical throughout its relative density range, and most samples had ̅ ≤ 30%.
We experimentally investigated strength and stiffness scaling relations of the nanolattices across all topologies, dimensions, and material systems and found that in the monolithic polymer samples the scaling exponents for stiffness range from = 1.41 − 1.83 and those for strength range from = 1.63 − 1.92. In the hollow Al2O3 samples, the stiffness exponents range from = 1.46 − 1.73 and the strength exponents range from = 1.45 − 1.77. Table 1 provides the scaling and proportionality constants for all topologies and material systems explored in this work, and coefficients of determination (R 2 ) for these fits can be found in the Supplementary Materials (Table S2 ). The plots of strength and stiffness vs. density in Figure 2 show that the mechanical properties of all topologies at the same density effectively collapse onto each other for each material system. Little variation exists in the proportionality constants or scaling exponents for Young's modulus between the two material systems, and the strength proportionality constants and scaling exponents of the polymer nanolattices are slightly higher than those of the Al2O3 nanolattices. These results demonstrate that in the range of relative densities tested for both materials systems, virtually no correlation exists between the rigidity of the samples and their strength and stiffness scaling. This finding is surprising because it indicates that topology has a less significant role in controlling the strength and stiffness of lattices than commonly theorized [19, 36, 39] .
Finite element (FE) simulations of monolithic polymer lattices help shed light onto the underlying causal mechanisms for this observed deviation from analytical predictions. Figure 3 shows that at the relative densities investigated in the experiments, the simulated stiffnesses are in excellent agreement with the experimental results and show a similar nonlinear scaling. At relative densities below experimentally attainable ones, the simulations show a transition to a different, topologydependent scaling relation. For the rigid octet-truss and periodically rigid cuboctahedron, we identified a transition in the stiffness scaling from ≈ 2 when the beams have slendernesses of < 25 ( ̅ ≳ 10%) to ≈ 1 when the beams have slendernesses of > 25 ( ̅ ≲ 10%). Similarly, a transition from ≈ 1.4 when beams have slendernesses of < 27 ( ̅ ≳ 9%) to ≈ 1 when beams have slendernesses of > 27 ( ̅ ≲ 9%) exists for the periodically rigid 3D Kagome. For the non-rigid tetrakaidecahedron, a similar transition occurs from a scaling of ≈ 1.5 when the beams have slendernesses of < 7 ( ̅ ≳ 7%) to ≈ 2 when the beams have slendernesses of > 7 ( ̅ ≲ 7%), which matches the analytic prediction for a non-rigid topology of ∝ ̅ 2 . The stiffnesses of various nanolattice topologies at these low relative densities are also well predicted by Timoshenko and Euler-Bernoulli beam models in all cases except for the 3D Kagome lattice ( Figure S4 ), a point that is examined in more detail in the Discussion section. The FE scaling fits shown in Figure 3 are taken using the 4 densest and 4 least dense points, which is the reason for the slight discrepancy from the experimentally obtained scaling coefficients.
Finite element simulations of hollow Al2O3 nanolattices with the same structural parameters as used in experiments corroborated most of the experimental findings. Simulations for octet, cuboctahedron and 3D Kagome lattices match experimental results at high relative densities ( ̅ ≳ 1%) and are at most a factor of 2-3 higher than experimental results at the lowest relative densities ( ̅ ≲ 1%) (Figure 4A and B) . The simulated tetrakaidecahedron stiffness matches experimental results across the entire range of relative densities ( Figure 4C ). Simulations of hollow nanolattices with structural parameters that span beyond those that were tested experimentally reveal a more complex landscape. A highly non-linear relationship between Young's modulus and relative density emerges in hollow octettruss simulations when the beam wall thickness-to-length ratio ( / ) is held constant and the beam semi-minor axis-to-length ratio ( / ) is varied, with large deviations from experimental stiffness scaling ( Figure 5A ). We observed a similar deviation from linearity in the hollow tetrakaidecahedron, but the result is less pronounced ( Figure 5B ). We also found that Timoshenko and Euler-Bernoulli beam models consistently overpredict the stiffnesses of hollow nanolattice topologies across all relative densities ( Figure S5 ).
Discussion
Solid Beam Nanolattices
The strong agreement between FE and experimental results for solid nanolattices across all relative densities and topologies suggests that the FE models accurately capture the dominant features that govern the elastic behavior (Figure 3) . The small variance between the two results can be attributed to factors like waviness in the beams [23] , non-uniformity of the cross sections [45] , surface roughness [23] , misalignment of the nodes, and edge effects from the finite size of the samples in experiments. Some of these factors are investigated further in the Supplementary Materials; our results suggest that they do not play a dominant role in the stiffness of solid beam lattices studied in this work. These results are also generalizable to lattices of arbitrary dimension, and additional experiments performed on macroscopic octet-truss polymer lattices demonstrated a similar scaling to that seen for the nanolattices ( Figure S11 ). Solid-beam nanolattices in low-density regimes are difficult to realize experimentally because of their high sensitivity to defects and external processing parameters. All nanolattices with beams that had slendernesses of > 70 were prone to spontaneous collapse because small stresses that arise during writing and developing of the photopolymer can cause premature buckling of the highly slender beams. This is what set the relative density limit of the solid polymer samples in this work.
The close agreement between the FE, Euler-Bernoulli and Timoshenko beam results at low densities ( ̅ < 1%) suggests that beam theories are adequate to predict lattice stiffnesses in these regimes ( Figure S4 ). At higher relative densities, Euler-Bernoulli beam lattice simulations show a divergence from power law scaling that is similar to experimental data and FE results and generally underpredict the magnitude of the stiffness (Figures S4). Simulations using Timoshenko beam models, which account for shear deformation and are used to model less slender beams, have a lower stiffness than Euler-Bernoulli beam models and further underpredict the stiffness. The simplified stiffness model in Eq. (6 provides insights into the mechanisms for the scaling of rigid and non-rigid solid beam lattices, viz. that there are contributions from both bending and stretching of beams at high relative densities, which leads to a stiffening behavior, but it does not fully capture the mechanisms behind the observed deviation. The incorrect stiffness prediction of beam-based models occurs primarily because they fail to account for the contribution of the nodes to the overall mechanical properties. In solid-beam lattices, the nodes form solid joints that hinder beam rotation, shortening the effective length of the constituent beams and generally leading to higher stiffnesses. While beam models that capture shearing behavior, such as Timoshenko models, can be used to more accurately capture the behavior of short beams [20, 46] , they lead to a drop in the effective stiffness, which is opposite from the trend observed here. Accurately replicating the mechanics of solid lattices with computationally efficient models, similar to what is done using beam elements, requires in-depth investigations into the role of nodes on the mechanical properties, which is outside the scope of this work.
At the lowest simulated relative densities ( ̅ ≤ 1%), the FE results show that Young's modulus of monolithic polymer cuboctahedron and octet-truss lattices scales as = ̅ /8.7 and = ̅ /9.0, respectively ( Figure 3A&B ). These moduli agree well with the existing analytic prediction for the modulus of = ̅ /9 using pin-jointed bars [19] , and are well matched by Euler-Bernoulli and Timoshenko beam models. For the 3D Kagome lattices, FE results predict a stiffness scaling of = ̅ /6 at low relative densities ( Figure 3C ). This result is different than both the Euler-Bernoulli and Timoshenko beam simulations ( Figure S4 ). This difference occurs because the 3D Kagome lattice is periodically rigid and has a low connectivity, making it highly sensitive to imperfections and boundary conditions. The FE simulations were performed using periodic boundary conditions, making the lattice effectively infinite; the Euler-Bernoulli simulations were performed on a finite lattice, rendering them sensitive to boundary conditions and preventing them from attaining a linear scaling at low relative densities. This suggests that it is impossible in a practical sense to fabricate a 3D Kagome lattice with a perfectly linear stiffness scaling at any relative density.
Hollow Beam Nanolattices
The mechanical behavior of hollow-beam nanolattices is notably different from that of solidbeam nanolattices. Two main factors affect the stiffness of hollow lattices: (1) the hollow nodes in thinwalled beams become highly compliant in bending and lead to a reduced overall stiffness, and (2) the surface roughness that arises from beam waviness inherent in the manufacturing process can cause a significant drop in both axial and bending stiffness at low wall thicknesses (Table S3 and [23] ). EulerBernoulli and Timoshenko beam simulations for hollow lattices fail to capture the effect of the hollow nodes and, as a result, consistently overpredict the stiffness ( Figure S5 ).
Fully resolved finite element simulations of the hollow lattices capture the effect of the nodes, and because they are performed on ideal structures, the observed discrepancy from experiments can primarily be attributed to the imperfections. Octet-truss, cuboctahedron and 3D Kagome lattices transmit load relatively uniformly throughout their beams ( Figure 4A-C) , rendering their thinner-walled variations highly sensitive to roughness. This thin-walled sensitivity correlates well with the observed overprediction of the stiffness in the FE simulations at low relative densities (Figure 4) . The non-rigid tetrakaidecahedron lattices accommodate macroscopic deformation through local deformation at the nodes ( Figure 4D ), which causes them to be sensitive to nodal compliance and less sensitive to the beam waviness. The primary imperfections at the nodes exist in the form of misalignment [15] , which have a minimal effect on the stiffness [20] and lead to an agreement between FE and experimental results across the tested range of relative densities. The effect of beam waviness has been quantified in the Supplementary Materials.
The complex parameter space revealed by FE simulations of hollow nanolattices ( Figure 5 ) arises because the relative density and stiffness depend on two dimensionless parameters: / and / , where is the minor axis of the elliptical beam, is the wall thickness, and is the length of the beam. The highly non-linear relationship between relative density and these dimensionless parameters (Eq. (5) can give rise to hollow nanolattices with different / and / that have identical relative density ( Figure S2B ). This leads to situations where samples can have the same geometry, wall thickness, and relative density but can have over an order-of-magnitude difference in stiffness. For example, simulations of two different hollow octet unit cells with the same wall-thickness-to-length ratio, / = 10 −3 , and with two different cross-sectional dimensions of / = 0.1 ( ̅ = 0.78%) and / = 0.15
( ̅ = 0.81%), have stiffnesses of 11 MPa and 205 MPa, respectively. These samples are visually distinct ( Figure 5A ), with one appearing more similar to a solid beam lattice and the other more closely resembling a membrane structure, but they are topologically identical. This complex parameter space reveals that classical scaling laws that depend only on architecture and relative density are incapable of fully capturing the mechanical properties of hollow lattices, and new theories that incorporate the effect of hollow nodes are needed to accurately predict their stiffness. It should be noted that the ellipticity of the beams will have an effect on the stiffness of the lattices, particularly for low-slenderness beams, but quantifying this effect is beyond the scope of this manuscript.
Strength
The scaling relationships between strength and relative density observed experimentally for almost all nanolattice topologies from both material systems have lower scaling exponents than what is predicted analytically for a bending-dominated solid ( ∝ ̅ 1.5 ). This implies that additional deformation and failure mechanisms exist that have a greater impact on the strength than do stress concentrations that arise from pure bending. For example, it has been observed that buckling can have a significant impact on the strength of a lattice with the strength-density relation of ∝ ̅ 2.5 [47] . In polymer and hollow nanolattices, we observed failure initiation at or near the nodes in most samples, which suggests that the nodes govern the strength scaling, similar to what has been observed in microlattices [32] . All the beams in lattice architectures terminate at the nodes at a sharp angle, which creates significant stress concentrations in these locations during deformation. The fixed boundary of a node for a beam in bending represents the location of highest moment and stress, which creates an additional stress concentration. Fully investigating the effect of stress concentrations near nodes on the strength and stiffness scaling of lattices merits an independent research pursuit.
Additional Factors Affecting Stiffness and Strength
We have experimentally investigated other factors in some detail that are known to affect the stiffness and strength of lattices: changing the angle of beams, removing beams, and misaligning nodes. The effect of changing lattice angles, which in this case introduces structural anisotropy, was studied using hollow 3D Kagome lattices. Our results show that the stiffness and strength of a lattice at a given relative density change with angle approximately as sin 4 ( ) and sin 2 ( ), which is in good agreement with previously theorized results [48] . We studied the effect of removing beams and misaligning nodes using solid octet-truss lattices. Removing beams simulates the type of imperfection that arises in highly slender lattices when beams are not properly connected at nodes. The strength and stiffness of lattices with removed beams decreased as ∝ ̅ 3.1−4.3 and ∝ ̅ 3.0−3.8 depending on the regions from which they were removed. This degradation in mechanical properties is greater than what is observed even in stochastic materials, suggesting that it can have a hugely detrimental role on lattice stiffness. Nodal misalignment is the most common form of imperfection in lattices fabricated here [20] . In lattices with offset nodes, no observable change in the stiffness occurred, with only a minimal change in the yield strength, which had a ~22% decrease in strength for the most heavily distorted lattice. This means that for any offset in the nodes there will be little detriment to the mechanical properties. These results are discussed at length in the Supplementary Materials.
Conclusion
We provide an in-depth exploration of the parameter space of solid-and hollow-beam nanolattices using experiments, finite element analysis, and beam-based numerical simulations and models. Our work establishes that the strength and stiffness of solid-and hollow-beam nanolattices does not correlate with topology alone, but is instead governed by an intricate combination of geometry and structural parameters. Nanolattices with widely different topologies can have nearly identical strength and stiffness at the same relative density, and hollow nanolattices with the same topology and relative density can have widely different stiffness. We postulate that the convergence of strength and stiffness in solid lattices at higher densities is caused by the increased influence of beam intersections at the nodes. The strength and stiffness parameter space of hollow lattices is highly complex and dependent upon changes in beam length, radius and wall thickness, and a detailed study of these parameters must be conducted before their relative influence can be quantified. These results suggest that the existing classification of nanolattice topologies as stretching-or bending-dominated is insufficient, and new theories must be developed to accurately capture the effect of both nodal interferences in solid-beam lattices and empty nodes in hollow-beam lattices on the mechanical properties. 
Material Topology
